We examine the sum of modified Bessel functions with argument depending quadratically on the summation index given by
Introduction
We consider the asymptotic expansion of the sum
as the parameter a → 0 in | arg a| < 1 2 π, where K ν (z) is the modified Bessel function of the second kind and the order ν ≥ 0. The argument of the Bessel function depends quadratically on the summation index n, thereby extending the sum considered in [8] with argument depending linearly on n. The sum converges without restriction on ν on account of the exponential decay of K ν (an 2 ) ∼ (π/2a) 1/2 n −1 exp[−an 2 ] as n → ∞. In the case ν = Sums of this type were first studied by Ramanujan who showed that the expansion as a → 0 consisted of an asymptotic sum involving the Riemann zeta function; see [1, Chapter 1] . A detailed study using a hypergeometric function approach for the Euler-Jacobi series when w = 0 and p is a rational fraction has been given in the monograph [3] , where great emphasis was placed on obtaining exponentially small contributions. More recently, the generalised Euler-Jacobi series has been considered in [7] ; see also [9, Section 8.1] for the case with w = 0 and p > 0. The sum S ν (a) becomes difficult to compute in the limit a → 0 due to the resulting slow convergence of the series. It will be shown that the asymptotic expansion of S ν (a) consists of a finite series in ascending powers of a with coefficients involving the Riemann zeta function, together with an infinite number of increasingly subdominant exponentially small terms. These exponential terms experience a Stokes phenomenon as the positive real a-axis is crossed. Each exponential is associated with a multiplier that undergoes a smooth, but rapid, change described to leading order by an error function of appropriate argument from the value exp[−πi(ν −   1 2 )] just above the axis to exp[πi(ν −   1 2 )] just below the axis. Other well-known functions that exhibit an infinite number of subdominant exponential terms in their expansions as |z| → ∞ are log Γ(z) [9, §6.4] and the Hurwitz zeta function ζ(s, z) [6] .
We pay particular attention to the expansion of S ν (a) as a → 0 on the positive real axis. In this case the multipliers of the exponentially small terms are not given by sin πν, as might appear from the above, but receive additional contributions from other exponentially small terms that become comparable on the positive real a-axis.
An expansion for S ν (a)
We start with the Mellin-Barnes integral representation 1 [5, (10.32.13)]
where c > max{0, ν} so that the integration path lies to the right of all the poles of the integrand.
The quantity c will be used as a generic parameter that can vary according to each integral. Then it follows that
where ζ(s) is the Riemann zeta function and c > max{ 1 2 , 2ν}. Throughout we let θ = arg a. Let ν = m + ν ′ , where m = 0, 1, 2, . . . and 0 ≤ ν ′ < 1. The integrand in (2.1) has a pole at s = 1 2 resulting from ζ(2s); it also has poles at s = 2ν − 2n, n = 0, 1, 2, . . . together with a pole at s = 0, the other poles of Γ( 1 2 s) at s = −2, −4, . . . being cancelled by the trivial zeros of ζ(2s) at s = −1, −2, . . . . It may be noted that when 2ν is an odd integer (that is, when ν ′ = 1 2 ) the sequence of poles at s = 2ν − 2n is finite with 0 ≤ n ≤ m. This case is related to the Euler-Jacobi series studied in [7] since, when ν = m + 1 2 , K ν (x) can be expressed in terms of exponentials. We consider the integral taken round the rectangular contour with vertices at c ± iT , −d ± iT , where 0 < d < 2(1 − ν ′ ). The contribution from the upper and lower sides s = σ ± iT , −d ≤ σ ≤ c as T → ∞ can be estimated by use of the standard results
There is an error in the sector of validity in [5, (10 
as t → +∞. Hence the modulus of the integrand on these horizontal paths is O(T ξ log T e −∆T ) as T → ∞, where ξ = σ +μ(σ) − ν − 1, ∆ = 1 2 π − |θ|. Taking into account the different forms of µ(σ), we see that the contribution from these paths vanishes as T → ∞ provided |θ| < 1 2 π. We first displace the integration path to the left over the poles in ℜ(s) ≥ 0. Three situations can arise: the poles at s = 0, 
where ψ(α) denotes the logarithmic derivative of the gamma function and γ = 0.577215 . . . is the Euler-Mascheroni constant, we then find after routine calculations the residue contribution in ℜ(s) ≥ 0 given by
2) where
Then we have
where 0 < c < 2(1 − ν ′ ). We now employ the functional relation for ζ(s) in the form [5, (25.4 
and make the change of variable s → −s to obtain
where
Here we have used the series expansion for ζ(1 + 2s) since ℜ(s) > 0 on the integration path and reversal of the order of summation and integration is justified when | arg a| < 1 2 π by absolute convergence. Displacement of the integration path in (2.4) to the right over the simple poles at s = 2n − 2ν, m + 1 ≤ n ≤ N k − 1, where N k is (for the moment) an arbitrary positive integer, then yields
With the further change of variable s → s − 2ν, the remainder is given by
where the integration path L N denotes the rectilinear path (−c+2N k −∞i, −c+2N k +∞i), with 0 < c < 2, and
Then we have the result
The contribution to S ν (a) from ℜ(s) < 0 in the integral in (2.3) has been decomposed into a k-sequence of component asymptotic series with scale 8π 2 k 2 /a, each associated with its own truncation index N k and remainder term R k (a; N k ). The indices N k (k = 1, 2, . . .) are, for the moment, unspecified but will be suitably chosen in the next section.
Expansion of the remainder term
We now choose the indices N k to correspond to the optimal truncation value of the k-component asymptotic series in (2.5) (that is, truncation just before the numerically smallest term). This is given by (when we assume N k ≫ 1)
If we define the quantities
then the optimal truncation indices are specified by
where |α| is bounded. It is seen that as |a| → 0 the truncation indices N k → +∞, (k = 1, 2, . . .).
Since N k → +∞, the variable s in the quotient of gamma functions in (2.6) is uniformly large on the displaced integration path L N . From Lemma 2.2 in [9, p. 39], we have the inverse factorial expansion
for positive integer M . The remainder function ρ M (s) is analytic in s except at the points s = (4ν − 1 − r)/2, r = 0, 1, 2 . . . and is such that ρ M (s) = O(1) as |s| → ∞ in | arg s| < π. The coefficients c j (ν) are discussed in the appendix where their values for j ≤ 4 are presented. We have the values for j ≤ 3
Then, we obtain
5) where
The remainder R M,N k can be estimated by application of the bounds discussed in [9, Section 2.5.2]. With Θ(s) = Θ 1 (s) + sin πν, the part of the remainder integral containing Θ 1 (s) can be split into three separate integrals with variables X −s k and (X k e ±πi ) −s , to each of which we can apply Lemma 2.9 in [9, p. 75]. We therefore obtain the order estimates as 
We now introduce the so-called terminant function T ν (z) defined 3 as a multiple of the incomplete gamma function Γ(a, z) by
From the formula connecting Γ(a, ze ±πi ) given in [5, (8.2 .10)] we have the connection formula (compare also [9, (6.2.45)])
The Mellin-Barnes integral representation of this function is [9, (6.2.
provided ν = 0, −1, −2, . . . . Then, if we make the change of variable s → s + 2N k in the integrals appearing in (3.5), we obtain This last integral can be evaluated using (3.7), together with the Cahen-Mellin integral [9, p. 90] for the part involving sin πν, to yield upon writing cos πs in terms of exponentials
where 
Combination of (3.8) and (3.9) then provides an expression for R k (a; N k ) in terms of terminant functions in the form
It now remains to exploit the known asymptotics of these terminant functions when µ ∼ |X k | as |X k | → ∞.
The asymptotic expansion for
The asymptotic expansion of the terminant function T ν (z) for large ν and complex z, when ν ∼ |z|, has been discussed in detail by Olver in [4] ; see also [5, Section 2.11] and the detailed account in [9, pp. 259-265] . It is found that
valid as |z| → ∞ when ν ∼ |z|, where φ = arg z and the quantity c(φ
Then with θ = arg a, X k = |X k |e −iθ we have from (3.9) (with φ = π − θ)
The form (4.1) approximately describes the smooth change of the multiplier associated with each exponential e −X k -on the increasingly sharp scale ( 2 ) when θ < 0. The value of the multiplier when θ = 0 is not equal to − sin πν, as would be expected from the above considerations, since additional exponentially small terms come into play on the positive real a-axis. We consider the expansion of R k (a; N k ) as a → 0 through positive values in the next sub-section.
The expansion of
To deal with the expansion of R k (a; N k ), and hence S ν (a), when a → 0 with arg a = 0, we require more precise asymptotic information on the terminant function than that given above. By expressing T ν (z) in terms of the Laplace integral
Olver [4] established by application of the saddle-point method that
when µ ∼ x (and bounded integer j), where we recall that µ = 2N k + ϑ. The coefficients A r,j satisfy A 0,j = 1 (j ≥ 0) and
On the negative real z-axis, where a saddle point and a simple pole become coincident in the above Laplace integral, we have the expansion [4] (−) j e πiϑ T µ−j (xe
where the coefficients G r,j result from the expansion
The branch of w(τ ) is chosen such that w ∼ τ − 1 as τ → 1. Upon reversion of the w-τ mapping to yield τ = 1 + w + Substitution of the expansions (4.2) and (4.5) into (3.9), with x replaced by X k and γ j = µ − X k − j = −α − j by (3.2), then yields
From (3.8) we therefore find (where we put K = M for convenience)
where the coefficients B j are given by
Then we obtain the following theorem:
2 /a and the optimal truncation indices N k (k = 1, 2, . . .) satisfy X k = 2N k + ϑ + α, where ϑ = −3ν and |α| is bounded. Then we have the expansion
as a → 0+. The sum H(a; ν) is defined in (2.2) and the coefficients c j (ν) and B j are defined in (3.4) and (4.8).
In Appendix B it is shown that the first double sum on the right-hand side of (4.9) can be rearranged in the form 
Two special cases
When ν = 0 we have from (2.2)
Then from (4.9) we obtain the expansion
we have H(a;
as a → 0+. We note that the first double sum and the sum involving the coefficients B j in (4.9) vanish when ν = 
Numerical results and concluding remarks
To carry out a numerical investigation of the expansion (4.9) we define the quantityŜ ν (a) bŷ
where we have used (4.10) to express the double sum in alternative form. The computed value of S ν (a) for a given a and ν is then compared with the value of the asymptotic sum
for different truncation index M . In this comparison we take k = 1; that is, we consider only the leading subdominant exponential e −X1 . The coefficients c j (ν) are obtained from (3.4); we recall that the coefficients B j = B j (α, ν) and so must be computed for each value of a (with ν fixed). As an example in the case ν = 0, a = 0.10, Table 1 : Values of the coefficients B j = B j (α, ν) and c j (ν) for 0 ≤ j ≤ 4 when a = 0.10 for two values of the parameter ν. we have X 1 = 10π 2 and, from (3.2) , N 1 = 49, α = 0.69604 . . . . The coefficients B j are computed from (4.7) and (4.8), with the quantity γ j appearing in the coefficients A k,j and G 2k,j given by γ j = −α − j. An example of these two sets of coefficients is presented in Table 1 .
In Table 2 we show the absolute relative error in the computation of the expansion in (4.1) as a function of the truncation index M . Finally, Table 3 presents the values ofŜ ν (a) and the asymptotic series (4.1) with k = 1 and truncation index M = 5 for different values of the parameters a and ν. It is seen that there is very good agreement between these values and that this agreement improves as a decreases. The value of the second exponential e −X2 = e −4π
2 /a in (4.1) is many orders of magnitude smaller than the first exponential e −X1 and so can safely be ignored at the k = 1 level.
The situation when only the first exponential e −X1 is taken into account in the expansion (4.1) is straightforward: the sum is truncated at some suitable point thereby introducing a truncation error. If truncation is optimal, then the resulting error is exponentially more recessive than the exponential factor e −X1 . However, when we attempt to include the second exponential corresponding to k = 2 the situation is not so obvious. It is not apparent, without further investigation, how the error from the optimally truncated leading exponential series compares with the contribution from the second series. 2.792 × 10
Appendix A: Determination of the coefficients c j (ν) in the expansion (3.3)
An algorithm for the determination of the coefficients c j (ν) in the inverse factorial expansion (3.3) is described in [7, §4] , [9, p. 46 ]. This procedure is found to work well for numerical values of ν where up to 100 coefficients have been calculated. An alternative procedure is described below. For convenience, we replace the variable s in (3.3) by 2x to obtain Appendix B: A rearrangement of a double sum
In order to detect the exponential terms e −X k in computations it is necessary to remove all larger terms in the first asymptotic series on the right-hand side of (4.9). This can be achieved by a straightforward regrouping of the terms in the absolutely convergent double sum A n ζ(4n + 1 − 4ν, p), where ζ(x, p) is the Hurwitz zeta function.
